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LIFTOFA TWO-DIMENSIONALSINKINGAlJ3FOILAT SUBSONIC

MACHNUMBERSFROMOSCliXATORYLIFTCOEWICIENTSWITH

CALCULATIONSFORMACHNUMBER0.7

ByBernardMazelsky

Thereciprocalequationsforrelatingtheincompressiblecircula-
toryindicialliftto theliftduetoharmonicoscillationshavebeen
mdifiedto includethenoncirculatoryliftassociatedwithapparent-
masseffects.Althoughtheapparent-msseffectsareimpulsivein
natureinincompressibleflow,theliftduetoapparent-masseffectsin
compressibleflowisa time-dependentfunction.Thecorresponding
reciprocalequatiotiforthetotalcompressibleliftaregiven.By use
ofthereciprocalequationsforcompressibleflow,thehdicialliftand
momentfunctionsduetoanairfoil~sexperiencinga suddenacquisition
ofverticalvelocityaredeterminednumericallyforMachnumber0.7.
Lackofsufficientfluttercoefficientspreventsthecalculationof
thesefunctionsat otherMachnumbers.

Althoughtheindicialliftandmomentfunctionsduetopenetmtion
ofa sharp-edgegustmaybe obtainedfromtheoscillato~taboraileron
coefficientsby a similaranalysis,sufficientcoefficientsarenot
availableatthepresent.However,anapproximatemethd is shownfor
determininga portionofthisunsteady-liftfunction.

Whena comparisonismadeoftheindicialliftfunctionsatMach
numbers0.0and0.7,it isnotedthatthegrowthoflifttothesteady
stateappearstobe lessrapidforthecompressiblecasethanforthe
incompressiblecase.Consequently,thecalculationofthegustload
factorathighsubsonicMqchnumbersutilizingthetwo-dimerisional
incompressibleindicialliftfunctionsandan over-allcorrectionfor
compressibilitysuchas thePrandtl-Glauertfactormightbe conservative;

INTRODUCTION

A lmowledgeoftransientflowsis importantinmanyaeronautical
problems.Inthestudyoftransientflows,twotypesofairfoilmotions
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2 MAC.ATN 2562

havehadspecialsignificance- a harmonicallyoscillatingairfoiland
an airfoilexperiencinga suddenchangeinangleofattack.Thelift
functionforanairfoilexperiencinga suddenchangeinangleofattack
andtheliftfunctionassociatedwiththegrowthofliftonanairfoil
duetopenetrationofa sharp-edgegustarecommonlyreferredtoas
indicialliftfunctions.Thepresentpaperis concernedwiththeuse
of reciprocalrelationsfordeterminingforcompressibleflowthe
indicialliftfunctionsdirectlyfromtheliftdatathatareavailable
fortheairfoiloscillatingharmonically.

Theindicialliftfunctionshavebeenderivedfortw-dimensional
incompressibleflow;thefunctionfora suddenchangeinangleof
attackwasderivedbyWagnerjseereference1,whilethepenetration
functionwasderivedbyKiibsner,reference2. An accountoftherela-
tionsthatetistbetweentheseindicialliftfunctionsandthelift
coefficientsfora two-dimensionaloscillatingairfoilis givenby
Garrickinreference3.

Ina recentpaperby Lomax,Heaslet,andSluder(reference4),a
methodfordeterminingtheindicialliftandmomentfunctionisgiven.
Whilethebegimningportionoftheindicialfunctionscanbe calculated
readilyandthefinalvalueisconsideredtobe thesteady-statelift P
valuegivenby thePrandtl-Glauertfactor,theintermediateortr~si-
tionvaluesoftheindicialliftfunctionsaredifficulttoobtainby
thismethodandconsequentlynumericalresultsaregivenonlyfora Mach ,<,
numberof0.8inreference4.

Thesituationinre~rd tothesubsoniccompressible-flowcoef-
ficientsforan oscillatingairfoilismuchbetter.Possio(refer-
ence5)hasformlatedtheproblemina linearizedfo~ fordetermining
theliftandmomentfortheoscillatorycase.Dietze,Schade,and
FrazerandSkan(references6,7,and8)presenttheliftcoefficients
ofa harmonicallyoscillatingairfoilatvariousMachnumbersupto 0.8
andforvariousvaluesofreducedfrequencyup toabout2.5. ItW’EIS
feltdesirableto seewhethertheseavailableflutterdatacouldbeused
in conjunctionwiththereciprocalrelationsto obtainthecomplete
indicialliftfunctionsforcompressibleflowsince,fordynamic-load
studies,lmowledgeoftheindicialliftfunctionsisneededovera
largerrangeof chordlengthsthanthatgiveninreference4 forMach
numbersotherthan0.8. Thispper discussestheuseofthereciprocal
relationsforthecaseof compressibleflowandpresentsanevaluationof
theindicialfunctionsfor M = 0.7 foranairfoilsuddenlyacquiringa
verticalvelocity,forwhichcaseitwasfoundthatsufficientoscillatory
liftdatawereavailable. ‘

Thein.dicialliftfunctionduetopenetrationofa sharp-edgegust
couldalsobe determinedby superpositionprovidedtheoscillatorylift
coefficientswereknownfora widerangeofflapto chordratiosaswell

.
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as fora rangeofreducedfrequencies.
arenotavailableat thepresenttime;
someinsightas
methodiSshown
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SYMBOLS

half-chofis

augularfrequency

forwardvelocityofairfoil

chord

thefistcase,analternate
thisfunction. ~

-,

()reduced-frequencyparameter~

liftperunitlengthofspan

momentperunitlengthof spanaboutquarter-chordpoint

density

amplitudeofverticaldisplacement,

firstandsecondderivativesof h

Machnumber

impulsefunction,5(s)=@ for s

‘1

co
and b(S)ds = 1

-m

half-chotis

withrespectto s

= o, 5(s)= O for s # O,

indicialliftfunctionforan airfoilexperiencinga sudden
acquisitioninverticalvelocityas usedinequation
L = -ITPCV2fdIl(d

velocityof sharp-edgegust

indicialliftfunctionduetopenetrationofa sharp-edge

gustasusedinequationL = -Ycpcvukp(s)
,
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ml(s)

‘d’)

C(k)

Cc(k)

M(k)

f(k)=

m(k)=

Z-J,Z2

Ml>M2

indicial,mment functionforanairfoilexperiencinga
suddenacquisitionofverticalvelocitywheremomentis .
takenaboutquarter-chordposition

center-of-pressurelocationinpercentchordfromleading
edgeforanairfoilexperiencinga suddenacquisitionof
verticalvelocity

Theodorsentscirculatoryliftfunction(reference9),
2 ‘s ~ikC(k]F(k)+ iG(k),asusedinequationL = -YcpcVhe

complexcompressible-flowoscillatoryliftcoefficientwhich
includesbothcirculatory-andnoncirculatory-liftcom-
ponents,Cc(k)= Fe(k)+ iGc(k),asusedinequation

L= -fipcV2e&h~ikcc(k~

in-phasecomponentofthecomplexmomentcorrespondingto
the Fe(k) liftcoefficient

F=(k)- Fe(w)

M(k)-M(m)

in-phaseandout-of-phaseliftcoefficientsassociatedwith
translationoftheairfoilasuqedinequation

Pi-kShL = fipcVe ~(q + iZJ

in-phaseandout-of-phasemomentcoefficient
chotipositionassociatedwithtranslation

asusedinequationM = Ycpc2V%tis~(M1+

A, B, C constants

Matrixnotation:

11 rectszq@armatrix

{}
colummatrix

aboutquarter-
oftheairfoil

%)

— .— ——---- ._—
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ANALYSISANDRESULTS

-5

.

SuperpositionIntegralsfor,theIncompressible

W CompressibleCases

Thereciprocalequationswhichareessentiallya specialformof
thesuperpositionintegralhavebeenderivedfortheincompressible
circulatoryliftbyGarrick(reference3). Thissectionfirstdiscusses
an extensionofGarricklsworkby incorporatingthepotentialliftdue
to apparent-masseffectsintothereciprocalequationsfortheinco~
pressiblecase.-Thereciprocalequationsforthecompressiblecaseare
thenindicatedandth~evaluationoftheindicialliftandmomentfor
anairfoilexperiencinga suddenacquisitionofverticalvelocityis
determinedforthecaseof M = 0.7.

Incompressiblecase.-In.theincompressiblecase,theliftin
unsteadymotionhasbeenseparatedintotwoparts- a noncirculatory
liftwhichis cowonlyreferredtoasanapparent-masseffectanda
liftduetothecirculationabouttheairfoil.Thereciprocalequa-
tionsforincompressibleflowareexpressedonlyintermsofTheodorsenis
circulatory-liftfunctionC(k) andWagnerisindicial-liftfunctionkl(s)
andcanbe expressedintwoseparateformsas follows:

kl(s)=$
J
* F(k)Sillks ~
o k

and

kl(s)=1+2
J
“G(k) COSks~

‘o k’

(;>o) (la)

(s> o) (lb)

where F(k) and G(k) are,respectively,thein-phaseandout-of-phase
componentsofcirculato~lift.ona harmonicallyoscillatingairfoildefined
by theequation r

L= -fipcV%e@~ikC(kfl

where

C(k)= F(k)+ iG(k)

.

.-— —— . ..—— —.
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The kl(s) functionisdefinedsuchthattheliftonanairfoilexperi-
encinga sudd&acquisitionofverticalvelocitymaybe expressedby the
followingequation:

L = -@%kl(s) (2)

.

Tworelationsthatcanbe obtain~fromequation(la)are(1)that
thevalueQf l?(k)at k = O isequaltotheasymptoticvalue
of kl(s) as s tendstohfinity,-thesevaluescorrespondingto the
steady-statelift,and(2)thattheinitialvalueof kl(s) isequal
inmagnitudetotheasymptoticvalueof F(k) as k tendsto infinity.
Thissecondrelationisnotreadilyevidentfromequation(la);con-
sequently,a mathematicalproofofthissecondrelationis shownin
appendixA. As a resultoftheserelationships,theinitialvalueand
theasymptoteofthe kl(s) functioncanbe determinedfromthegiven
F(k) function.A knowledgeoftheseendpointsisval~bleina
numericalsolutionofthereciprocalequations.

As notedyretiously,equations(la)and(lb)expressonlythe
circulatorypartoftheliftand,therefore,donotaccountforthe

. apparent-masseffects.An expressionfortheapparent-usseffectsfor
theind.icialcase,however,maybe obtainedas follows..

Theliftduetoapparent-masseffectsaloneforanyarbitrary
verticalmotionoftheairfoilwhenwrittenintermsofthenondi-
mensionaldisplacementh isgiveninreference9 as

(3)

Whenthisequationisappliedto thecaseofanairfoilexperiencinga
suddenverticalvelocity,
magnitudeofthisimpulse

. .
h(s) becomeshpulsivein character.The
maybe definedby

1(s)= b(s)

.
●

where h istheinstantaneousverticalvelocityacquiredby theairfoil

.
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andthefunction8(s) is.definedsuchthat 5(s)= m’ for s = O,
b(s)=0 for s#O,and

J’m b(s)ds= 1
-m

Whenfib(s)is substitutedfortheimpulsives-acceleration ~(s)
in equation(3),theresultingexpressiaufortheliftduetoapparent
massalonebecomes

‘impulse. -Xpcvah E@
2

(4)

If theimpulsivepartoftheunsteady-liftfunctionsisdesignatedby
andif-theformofequation(2)isretained,thenthekl(s)~dse .

expressionfortheimpulsiveliftmaybewritten

Thevalueof
casemaythen
give

‘impulse= -fipcV2&(s)impulse (5)

kl(s) duetoappkrent-masseffectsintheincompressible
be determinedbya comparisonofequations(k)and(5)to

(6)

Additionofthe kl(s) functiondueto circulation,equations(l).,and
the kl(s)~~se function,equation(6),thengivestheexpressions
fortheliftfortheindicialcaseasfollows:

kl(dto~l =: J’m F(k)sinks
k dk + * 5(s)

o *

.

(s 2 0) (7a)

. . . ..- -------- ---- ----- .- . . . ..— -. —, . —--— -- -————--- -.-—-- -—----- ---- --
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compressiblecase.-
foundconvenientandnaturalto considerthecirculatoryandnon-

Whileintheincompressiblecaseithasbeen

circulatorylif%sseparately(thisseparationis especiallydesirable
becauseoftheimpulsivenatureofthenoncirculatorypart),these
circumstancesdonotexistinthecompressiblecase.Theperturbation
velo”ci%iesarefiniteinthecompressible-case(sincespeedofsoundis
consideredfinite)and,consequently,theeffectsofthepressuredis-
turbancesinthewholeflowfieldarenotfeltinstantaneouslyas for
incompressibleflow.Consequently,thelif%duetoapparent-%ss
effectswouldnotbe impulsivebutwouldremainfiniteandtimedependent.
Sepamtionoftheliftsisnotnecessaryinthecompressiblecaseand,
moreover,isnotconvenientsincetheavailableresultsforthecom-
pressiblecasearepresentednumericallyonlyforthetotallift.The ,
reciprocalequationsforthetotalcompressibleliftare,therefore,
mch simplerthantheequationsfortheincompressiblecasesincethe
impulsefunctionmaybe disregafied.

Forcompressibleflow,thecaseisexactlyanalogoustothetreat-
mentofindicialadmittancegivenby Bushinreference10. Inthis
reference,equationsaregivenwhichrehtetheindicialadmittanceto
thein-phaseandout-of-phaseresponsesofa systemsubjectedtoan
oscillatoryforcingfunction.Innotationsimilartothat.usedfor
incompressibleflow,t@eseexpressionsmaybewrittenas follows

J‘Fe(k)sinks
kl(s)to~l=: k W

o

kl(s)total =Fc(o)+: [
‘Gc(k)COSks ~
o k

(s> o) (8a)

(S>0) (8b)

where Fe(k) and Gc(k) are,respectively,thein-phaseandout-of-
phaseliftcomponentsonan oscillatingairfoilandaredefinedby the
equation

‘.

_——— .——.. .—— . . .. .—— ----- —.. ..—.-
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.

L= .-fipcv%ems~ikcc(k]

9

(9)

where

Cc(k)=Fc(k)+ iGc(k)

Equations(8a)and(8b)areapplica~leforthecompressiblecasepro-
vidingthefuncticmCc(k) is continuousandfiniteintheintervalO ~
-toCuoFromthephysicalconditionsforthecompressiblecase,it can
reasonablybe assumedthatthesefunctionsadheretothoseconditions.

Itis ofinteresttonotethat,whentheseequationsareappliedto
incompressibleflow,they”applyonlytothecirculatorypartofthelift
as givenby equations(la)and(lb).Inthiscase,thefactorFC(0)
becomes,bydefinition,simplyunity.Forcompressibleflow,thefac-

tor FC(0) acquiresa valuegiven”bythePrandtl-Glauertfactor .
& ~2

$

Theexistingcoefflcien.tsforthetranslatorcasewhicharetobe
usedinthereciprocalrelationshavebeengiveninvariousformsbegin-
ningwithPossioSswork. Theforminwhichalltheresultsarecommonly.
putis

anti

.

L 2iksh= fipcVe Z(% + V2) (ma)

(lOb)

where M isthemomentactingaboutthequarter-chordpetit.h onier
tomakeconvenientuseofthereciprocalrelationsgivenby equations(8a)
and(&b),itisfirstnecessaryto converttheexpressionforliftgiven
by equation(lOa)toafom similartotheoneusedin equation(9). When
theexpressions(9)and(lOa)arecompared,thefollodngcorrespondence
is seento etistforcompressiblef:ow:

Z2(k)
Fe(k)=x

I

(ha)

. . . . .. . ... .--—. .— .- .-.. .. .. .. —.—. —. ——— —---——— ——c -—— .— -—. _
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and

-~(k)
G=(k)= ~ (llb)

SummaryofAvailableFlutterCoefficients&ndRelatedData

forSubsonicCompressibleFlow

Thetwo-dimensiaalcompressiblefluttercoefficientsforthereal
andinagharypartsoftheliftandmomentoscillatorycoefficientsfor
sinkingmotionaregivenintableI forthreeMachnuxbers,M = 0.5,
M= 0.6, and M=O.7. Thistablerepresentsa summaryoftheresults
ofthreeauthorswherethefluttercoefficientsby eachhavebeencon-
vertedtothe ~, Z2) Ml)- M2 formforuseinequations(lOa)
and(lOb).Thevaluesof ~ and Z2 correspondtotheliftcoef-
ficientsindicatedinequation(Ma),andthevaluesof Ml and ~
indicatedin equation(lOb)correspondtothemomenttakenaboutthe
quarter-chofiposition.Thevaluesofthesecoefficientswereobtained
fromthreesources,andtherangeofreducedfrequenciestakenfromeach
sourceisindicatedintableI. Dataforlargevaluesofreducedfre-
quencydonotappearto exist.Theaccuracyofthesedataforreduced
frequencieslowerthanappr~tely 1 isbetterthantheaccuracyof
thedataathighervaluesofreducedfrequency(seereference8),buta
reasonablygod solutionfortheindicialliftamdmomentfunctionsis
stillpossiblesincethisdecreaseh accuracyatthehigherreduced
frequenciestillbe shownto-havelittleeffectonthedeterminationof
eithertheunsteadyliftorunsteadymomentfunctionsprovidedthevalue
ofthefluttercoefficientsat theinfinitereducedfrequencyisknown.
Fortunatelythesevaluescanbe determinedfromtheinitialvalueofthe
indicialfunctions(seeappendixA). Ifthefluttercoefficientsare
IuIownuptoa reducedfrequencywheretheyhavepracticallythesame
valueasthefluttercoefficientattheinfinitereducedfrequency,then
theyarelmownfora sufficientrangeofreducedfrequenciesfordeter-
mininga reliablesolutionoftheindicialfunctions.Thiscondition
existsfor M = 0.7 sincevaluesofthefluttercoefficientsat a
reducedfrequencyof2.5havebeenfoundtoagreequitewellwiththe
valuesattheinfinitereducedfrequency.However,valuesoftheflutter
coefficientsat M = 0.5and M= 0.6 arelmownonlyforreducedfre-
quenciesup to 1. Also,thefluttercoefficientsattheseMachnumbers
mustbehmwn forhighervaluesofreducedfrequencythanfor M = 0.7
sincethefluttercoefficientsapproachthevaluesattheinfinitefre-
quencyat a muchslowerrate.Consequently,theonlyMachnumberfor
whichsufficientdatawerefoundavailableforobtainingtheindicial
functionsis M = 0.7.

“’



I

I

I

1

1

NACATN 2562 ~ U

b

In ofiertoaidinthenumericalsolutionofthereciprocalequa-
tions,theendpointsofthe Fe(k) functionshouldbe determined.
Theseendpoints~y,be determinedindependentlyofthefluttercoef-
ficients.Thevalueof FC(0) whichrepresentsthesteady-statelift

canbe givenby thePrandtl-Glauertfactor

madeto calculatethisendpointfromthe
givenintableI,an indeterminateformis

F-. Whenanattemptis
- M2

Z1 and Z2 coefficients
found;however,themagnitude

ofthisindeterminatequantitywhenproperlyevaluatedagreesverywell

withthefactor . Thevalueof Fc(~) whichcorrespondsto the

P - M2
valueof kl(s) d% s = O (seeappendixA) canbe determinedby the
followingequation

,/

l?=(m)=& (12) .

NumericalSolutionoftheReciprocalEquation

Theindicial lift functionkl(s) canbedeterminedfromeitherof
equations(&} W (8b)wherethecoefficientsFe(k) and Gc(k) are
determinedfrom’theoscillatorycoefficientsby equations(ha) and
(1.lb).~Ithasbeennotedthat,ofthedatapresentedintableI,the
onlyMachnumberforwhichsufficientdataareavailableforproviding
a reasonableestimteoftheindicialliftandmomsntontheairfoil-
is M = 0.7 sincevaluesofthe’fluttercoefficientsarenotgivenfor
valuesof k> 1 at theotherMachnumbers.A plotofthe Fe(k) and
Gc(k) functionsforthislkchnumberis showninfigure1. Althougha
smoothcurvecanbedrawnforthe Fe(k) functionat thehigherreduced
frequencies,the’dataforthe Gc(k) functionappeartobe erraticin
thisregion.Consequently,thelatterfunctionisrepresentedby a
brokenlineat thehigherreducedfrequencies.Also,thenumerical
evaluationofthe kl(s) functionby equation(8b)ismoredifficult
thanby equation(8a)becausetheintegrandinequation(8b)isinde- f
terminateat k = O. h orderto evaluatethisindeterminateform,the
valueofthederivativeof Gc(k) at k = O mustbe known.Sincethe
functionGc(k) isnotgivenina closedform,thisderivativewould
be difficulttodetermineaccuratelyinthecompressiblecase.Because
ofthe,erraticnatureofthe Gc(k) functionat thehighervaluesof
reducedfrequencyandbecauseofthepresenceofthisindeterminateform

.

.
.

.— -...-— -——-. -—- — ———-— —--.-— ——. — -
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of Gc(k) at k = 0,equation(8a)isus”edthroughouttheensuing
analysisfordeterminingtheindicialfunctions.

Thegraphicalsolutionofequation(8a)maybe simplifiedconsider-
ablyby incorporatinginthesolutionofthisequationtheknownvalue
ofthefluttercoefficientattheinfinitereducedfrequencyby making
thefollowingsubstitutionforthefluttercoefficientFe(k):

f(k)=Fc(k)- Fe(m) (13a)

or

The”substitutionof

Fe(k)= f(k)+

equation(13b)

F=(OJ)

intoequation
alternateequationfor kl(s):

kl(s)= l?c(co)+:
J

‘f(k) sinks~

o k

(13b)

(ha) leadstoan

(14)

.

Thegraphicalsolutionof kl(s) isth~ simplifiedsincetheintegal
inthisexpressioncanbe evaluatedmorereadilythantheintegralin
equation(8a)becausetheintegxmdapproacheszeromuchmorerapidly.

The Fe(k) functicmfor M = 0.7 is calculatedfromtheflutter
coefficientZ2 by equation(ha) andisshownin figure1 together
withthevalueoftheasymptotecalculatedby equation(12).Thetrans-
formedfunctionf(k) as obtainedby equation(13a)is shownin fig-
ure2. A plotoftheintegmndin equation(14)forseveralvaluesof s
is showninfi~e-3. Theseintegm.ndswereintegratedby meansofa
planimeter.The kl(s) functionthusfoundbymeansofeqpation(14)is
shownin figure4 alongwiththe kl(s)-functionfor
samefigurea yartofan independentsolutionfor M =
reference4 isalsoshown.

It tillbeusefulto fitthe kl(s) fUKtiOn for

M = 0.0. Inthis
0.7 givenin

M = 0.7 given
infigure4 by someanalyticalfunction.Sincetheexponentialfunction
hasa simpleoperationalequivalentandhasbeenfoundconvenientin
appro~ting the kl(s) functionat M = 0.0 (seereferencel-l),a
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limitedseriesofsuchfunctionswaschosentoapproximatethe
kl(s) functionat M = 0.7. Thefunctionfoundto fitthiscurvequite
wellis

kl(s)= 1.4(1 - 0.36&-o”0536s- 0.405e-o”357s+ O.419e-“”~2s) (15)

andisalsodrownin figure4. Thecorrespondingapproximateexpressions
fortheharmonicallyoscillatingairfoilcan’be
ina similarmannershownin reference11. The
and Gc(k) are

Fe(k)

[

=lo41- 0a36hk2 - 0.hO%2

(0.0536)2+ k2 (0.357)2 + k2

foundfromequatian(15)
expressionsfor Fe(k)

+ O.k19k21(l&(0.902)2 + k2

G=(k)

[

= 1.4 - 0● o1951k - 0.lhh6k + 0.3779k1 (161))
(0.0536)2+k2 (0.357)2+k2 (0.902)2+k2

Bothoftheseexpressionsareplottedinfigure1 forcomparisonwith
thedataobtainedfromthefluttercoeffici&ts.Notethattheapproxi.
mateexpressionforthe Fe(k) functionisinfairlygoodagreementfor
allofthe k valuesconsidered.Howeverjrelativelypooragreement
existsforthe Gc(k) functionat thehighervaluesof k. ThisColw
parisonistobe expectedsince,aswaspreviouslycited,the Gc(k)func-
tionobtainedfromthefluttercoxficientsappearstobe quiteerratic
at thehighervaluesof k.

Thesolutionofthereciprocalequationhasthusfarbeenshownfor
theCalculatimofthe kl(s) function.Sincethereciprocaleqwations
arealsoapplicabletothedeterminationoftheunsteady-mo~nt~(s)
duetoa sudden

takenaboutthe

tiangeinairfoilverticalvelocity,the ~(s) &ction

quarter-chordpointcanbe showntobe givenby

.-. ..— .- ..-. .- —. —- .—. - . . . ..—. — .-— — —-. —.- —.————------- .——--- .- —...- .
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whereM(k) is
ficient~ by

/’m M(k)Sillks ~~(s)=; ~- k (17)

consideredhereintobe determinedfromthefluttercoef-
thefollowingequation:

%M(k)= -~ (18)

A plotofthefunctionM(k) for M = 0.7 isshownin figure5 together
withthevalueof M(”) determinedby

M(m) . .* (19)

In a mannersimilarto thatshownfortheunsteady-~ftcase,thefunc-
tion M(k) isthentmnsformedin orderthatequation(17) canbe
evaluatedgraphicallyby thefollowingsubstitution:

.

m(k)=M(k)- M(m) (20a)

or

M(k)= m(k)+M(oJ) (20b)

A plotof”thefunctionm(k) for M = 0.7 is showninfigure6. The
substitutionofequation(20b)intoequation(17)leadstotheexpression

ml(s) = M(w)+2
J

‘m(k) sinks ~

‘lo k
(21)

Plotsoftheintegmndinequation(21)areshownin figure7 forseveral
valuesof s,andthe ~(s) functionevaluatedby thisequationisshown
in figure8.

Iftheindicialliftfbnction
.

~(s) -andthetidicialmomentfunc-

tion ~(s) areknown,thevariationofindicialcenter-of-pressure

_.. — -.
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Iocationinpercentchordcanbe calculatatbymeansof-thefollowing
equation: -

(22)

A plotofthecepter-of-pressure,locationisgivenin figure9 and,for
comparison,thecasefor M = 0.0,isalsoshown.

ApproximateConsiderationsfortheIndicialLiftDueto

Penetrationofa Sharp-EdgeGust

Becauseofthelimitednumberoffluttercoefficientsavailablefor
flapmotions,asnotedintheintroduction,thedeterminationofthe
indiciallift,functionforpenetrationk2(s) by useofthereciprocal
equationsisnotpossibleat thepresenttime.An alternateandperhaps
semimtionalmethmlfordetermininga partofthepenetrationfunc-
tion ~(s) fromthe kl(s) functiononthebasisoftherelatians
betweenthesetwofunctionsfortheincompressiblecaseis suggestedas
follows. Therelationsbetweenthe kl(s) and ~(s) functionsforthe

I incompressiblecasearegiveninreference3 andareas follows:

(O<’s<2) (23a)

Thefirstterminequation(23a)isassociatedwithonlythecirculato~
partofthe kl(s).functionwhilethesecondtermoftheequationarises
fromtheimpulsiveterminthe kl(s) function,and’henceisassociated
withtheapparent-~sseffects.Thissecondtermisknownnottoapply
forcompressibleflow,sinceforthe kl(s) functiontheapparent-mass
effectisno longerimpulsiveincharacterbutmther istimedependent.
Thereforethisequationcannotbe appliedtothecompressiblecase.With

. regafitotheapplicabilityofequation(23b),itisassumedthatthis

,

----- . ..-. —----- .-—. - - - .- -- - -- ... ... .. . .. - _.-. — .- ..— . --- --
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equationcan evaluatethe circulatory part of the lift for
tion providedthat only thecirculatorypartofthe kl(s)
used.Althou@the kl(s) functioncalculatedhereinfor

NACA~ 2562

the ~(s) func-
functionis
compressible

flowcoqtainsboththecirculatoryandnoncirculatorylifts,thefollowing
argumentmaybeusedas a basisfortheassumptionthatforvaluesof s
greaterthanapproximately4,the kl(s) functioncanbe considered,for
practicalpurposes,tobe dueto circulationonly.Iftheassumptionis
madethattheliftduetoapparent-msseffectsandtheliftdueto circu-

lationactalwa”ysat$chofi positionand~-chordposition,respectively,
4

themomentfunction~(s) showninfigure8 mustarisefromtheapparent-
masseffectsonly.Thisfigureshowsthatforpracticalpurposesthe
momentfunction,referredtothequarter-chordposition,hasdecayedtoa
negligiblevaluefor s greaterthanapproximately4.-Thustheportion
ofthe kl(s) functionin figure4 for s greaterthanapproximatelyk
maybe associatedwiththeliftdueto circulationonly.Inspectionof
equation(23b)showsthat,iftheevaluationofthe k2(s) functionis
confinedtovaluesof s greaterthan6,onlytheportionofthe
kl(s) funqtionfor s greaterthanappro~tely 4 (theportionattributed
to circulation)willbe used.A numericalsolutionofequations(23a)
and(23b)isgiveninappendixB. The ~(s) functionfor M = 0.0 was
calculatedby usingthe kl(s) functionfor M = 0.0 showninfigure4
as a meansforestimatingtheaccuracyofa numericalsolutiongivenby
equation(B9)inappendixB. Thevaluesobtainaiwerewithin1.5percent
oftheknownKisnerfunction.Forthecompressiblecase,the~(s) func-
tionfor s greaterthanapproximately6 wasevaluatedby utilizingthe
kl(s) functionfor M = 0.7. Theresultsofthiscalculationareshownin
figure10. Althoughthesolutionforthecompressiblecaseisapproximate,
it isinterestingtonotethatfor s > 6,wherethesolutionwasreasoned
tobeapplicable,thegrowthofliftislessrapidforthecompressiblecase
thanfortheincompressiblecase.Thisphenomenonwouldbe expectedsince
thegrowthofliftduetothe kl(s) function,whichwasusedtodetermine
the ~(s) function,showsthissameeffec~as evidencedby figure4.

POSSIBIJIEIU?ECTSONGUSTLOADFACTOR

Thefactthatthegrowthofliftforthe kl(s) and ~(s) functions
islessforthe M = 0.7 casethanforthe M = 0.0 casemy havesome
significanceinthedeterminationoftheresponseofamairplaneto gusts.
Thecurrentdesignprocedimefortheloadsdueto gustsonanairplane
utilizesthetwo-dimensionalincompressible-flowkl(s) and k2(s) functions

— — ———.. . ———— — ——.. . .-— —--z——— ..__. .._—
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andan over-allapproximatecorrectionforcompressibility.If inthe
calculationofthegustloadfactorat aboutM = 0.7 thecorresponding
kl(s) ~d k2(s) functionsfor M = 0.7 wereusedinsteadofthe
incompressiblekl(s) and k2(s) functionswiththeover-allapproxi-
matecorrectionforcompressibility,thentheresultingloadfactor
wouldprobablybe lessthanthatfoundby usingtheincompressible
kl(s) functions.Thisfurthersuggeststhedesirabilityof obtaining
the ~(s) functionforthecompleterangeof s andofobtainingthe
k2(s) functionsforothervaluesofMachnumbersothata greater
insightmaybehadas totheeffectofcompressibilityonthegustload
factor.

CONCLUDINGREMARKS

Thereciprocalequationswhichrelatetheincompressiblecirculatory
lifttotheliftduetoharmonicoscillationshavebeenmcxlifiedto
includethenoncirculatoryliftduetoapparent-~sseffects.Whilethe
liftduetoapparent-masseffectsfortheindicialcaseisknowntobe
impulsivefortheincompressiblecase,theli~ duetoapparent-mss
effectsforthecorrespondingcanpressiblecasewasfoundtobe finite
anda time-dependentfunction.

Thereciprocalequationsareevaluatednumericallyfordetermining
thein&icialliftandmomentonan airfoilexperiencinga suddenacqui-.
sitionofverticalvelocityat M = 0.7. Lackof sufficientflutter
coefficientspreventsthecalculationofthesefhnctionsat other~ch
numbers.

Thegrowthoflifttothesteady-statevalueonan airfoilexperi-
encinga suddenacquisitionofverticalvelocitywasfoundtobe less
rapidforthecompressiblecasethanfortheincompressiblecase.

An appro@matecalculationismadefora portionoftheindicial-
liftfunctionduetopenetrationofa sharp-edgegustat M = 0.7. It
isnotedthatthegrowthoflifttothesteady-statevalueforthis-
indicialliftfunctionwasalsolessrapidthanfortheincompressible
case.As a consequenceofthesephenomena,thecalculationof’thegust’
loadfactorathigh-subsonicMachnumbersutilizingthetwo-dimensional
incompressibleindicialliftfunctionsandan over-allcorrectionfor
compressibilitysuchas thePra.ndtl-Glauetifactormightbe conservative.

LangleyAeronauticalLaboratory
NationalAdviso~CommitteeforAeronautics

LangleyField,Vs.,July30,1951

.
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APPENDIXA

PROOFFOR Mm kl(s)= Fc(~)
S++o

me functionkl(s) canbe expressedasa functionof F=(k)by
thefollowingequation:

(Al)

providedFe(k) is

kl(s) as s tends
limitofbothsides

a boundedandwell-,behavedfunction.Thevalueof

to zeropositivelymayby evaluatedby takingthe
ofequation(Al)as s~~: .

kl(s)= lim ~
J
‘F=(k)sinks

dk
s++0 Sj+o o k

(A2)

Beforethelimitsinequation(A2)areevaluated,it is convenientto
makethefollowingsubstitutionfor Fc(k):

Fe’(k)= f(k)+Fc(=) (A3)

Substitutionofthisexpressionfor Fe(k) intoeqution(A2)leadsto
thefollowingexpressionfor kl(s):

.

(f‘f(k)sinks~ + F (m)
J

M
sinkslim kl(s)= ~ :

k c
)

kti (A4)
S+o S+o o 0

— — —
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Althoughthesecondintegralinequation(Ak) canbe evaluatedreadily
to give

theevaluationofthefirstintegralinequation(Ak) is not readily
evident;howeveritcanbe shown(seelenmEL)that

li.lliJ‘f(k) stiksti=o
k .

S+o o

since

lim f(k)= O

As a consequence
equation(A4)is

Lemma:

Provethat

(A5)

(A6)

ofequatioti(A5)and(A6)thevalueofthelimitin

providedf(k) isa
integrationand

lim kl(s)=Fc(@)
S++o

s++0 Jo k

boundedandintegrable

lim f(k)”=O
k+ m

——..- —.. - ..-— ——

(A7)

dk=o 0(A8)

functionwithinthelimitsof

.—— ———..-. —.—- -—-— .—...— _____
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Ifthefollowingsubstitutionismadefor ks

ks =x

an alternateexpressionforequation(A8)ishad

m

Mm J ()fg =&hX=o
S++o o

NACA~ 2562
.

(A9)

()Since f * isbounded
andsincetheinte~l

andintegrablewithinthelimitsofintegration

isabsolutelyconvergent,thenequation(A9)is‘uniformlyconvergent
for s? O withinthelimitsofintegration.Consequently,thereis
a positivenumberX suchthat - .

where e isanarbitrarynumberchosenas smallas
numberX isindependentofthevalueof s. Also
pendentof s,maybe chosensothat

(A1O)

desiredandthe ‘
a number~, inde-

(All)

(



It canbe shownthat

Itqsinx—dx <a
Px

21

(~> P>o)

therefore

thusa valueof S canbe chosenas smallasdesiredsothat

Combiningtheresults
theequation

Ifm ()fxsinx——
Osx

thus,inthelimitas

or
,

givenby equations(AIO),(All),and(A12)yields

ax <+ +:6+$6 - (sss) (A13a)

S*O positively

Cuqw-f$@QXax=o
xS++o o

s--+-toJo k

(&3b)

“(A13c)

—.._._ ——.. . .
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APPENDIXB

NUMERICALEVALUATION

DUETO

Theindiciallift
gust ~(s) expressed

OFINCCMPRESKCKLE-FLOWINDICIALLIFTl!UNCTION

PENETRATIONOFA SHARP-EWEGUST

functionduetopenetrationof‘asharp-edge
intew oftheindicialliftfunctionkl(s)

is givenby equations(23a)and(23b).Althou@a numericalevaluation
ofthefirstterminequation(23a)maybeperformedwiththeaidof
Simpmn~srule,thenumericalevaluationoftheintegralinequation(23b)
isdifficultinthattheinte&andisinfiniteat S1= 2. In orderto
overcomethisdifficulty,a parabolic-arcsegmentcanbe fittedtothe

(functionkl s - El),betweenthelimitssl= ~ and S1= 2. Because
ofthesimilaritybetweenegyations(23a)and(23b),thenumericalsolu-
tionofbothequationscanbewrittenin oneequationwiththeaidof
matrixnotation.Forsimplicity,thenumericalsolutionis calculated
at integralvaluesof s. However,forincreasedaccuracytheinterval
of integrationistakenat quartermultiplesof’s. Inviewofthese
considerateons,tienumericalsolution”forthe k2(s) functionmaybe
perfomedinthreesteps:

(1)IntegrationoftitegrandforthelimitsS1= O to S1= 1

WiththeaidofSimpson$sintegratingfactorsthefollowingintegral
is evaluated,a quartermultipleof s beingassumedfortheinterval
ofintegration:

(Bl)

(2)Inte~tionofinte~d forthelimitsS1= 1 to S1= ~

In a mannersimilartothatshownfortheevaluationofthetitegral
in step1,Sinrpsontsintegratingfactorscanbe utilizedto calculatethe
sameintegraloverthelimitsS1= 1 to S1= ~ as follows:

.

.

,
— -. .



(3) ~teqtion of integrandfor the limits

23

[
~~(l)kl(s- 1)+43

(B’)

As notedpreviouslytheintegrationfortheselimitsisnotpossible
by meansofthesimpleSimpson~sfactorssincetheintegr&ndisinfinite
at S1= 2. WiththechangeinvariableS1= 2 - u,a parabolic-arc

segmentis fittedtothefunctionkl(s- Sl) betweenthelimitssl= ~
to S1 = 2 by useofthefollowinge~uation:

‘l(s- 2+u)*A+Ba+c# (B’)

A setofsimultaneousequationsrelatingthefunctionkl(s- 2 + U) tith
theconstantsA, B, and C intheparabolic-arcsegmentmaybe obtained
by evaluatingequation(B3)at thepointsu = 0, c =3 and u =; as4> .
follows:at 13= O,

‘l(s- 2)=A (B4)

at“=i’

at cr=$

(B5)

(B6)

--. —.. — -. -.. . .— ----- -. -.---— —.-—= ---- .. . —-- -- -
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Whenequations(B4),(B5),and(B6)aresolvedsimultaneouslyfor
theconstantsA, B, and C,theresultingexpressionsare

A= kl(s- 2)
1

B= -6kl(s- 2)+ &,(. - ;) - 2kl(..;)

c = 8k1(s- 2)-
‘6klt-i)+&l(s -0 1

(B7)

If theexpressionfor kl(s- 2 + u) givenby equationB(3)issubsti-
tutedintotheintegrandunderconsidemtiontogetherwiththevalues
of A, B, and C determinedby equations(B7),theintegralcanbe
evaluatedin closedformintermsoftheunsteady-liftfunctionkl(s- al)

3tosl =2.from al= z Theresultsofthisclosed-fomnintegrationare

as follows:

36:ak’(s-$)+%sk4-3

.

(M)

——. .—— —c .—.
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*

D

Ccmbiningequaticms(Bl),(B2),and(B8)allowathesolutionofthetwoequations(23a)and (23b) ~
for the k2(s) functiontobewrittenIna single~trix equationforintegralmultiplesof s ~
as follow:

!2

“q(l)

kJe)

kp(s)

q(b)

L
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In figure 10 the solutions for the ~(s) function are @ven
for M = 0.0 and M = 0.7. No discernibledifference
thecalculatedvaluesfor M = 0.0 werecomparedwith
function.

was presentwhen
theK&sner

.

. .

●
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Figure1.- Lift functionsdue to translatiryosc~ation at M = 0.7. ‘3
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Figure3.- Plotsoftheintegrandin equation(~) fordeterminingthe
indiciallift kl(s) at M= 0.7.
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Figureb.- Comparisonof the tidioialMft funclzlonadw to

acquisitionof verticalvelocityat M‘- O.0 and M =
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